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Abstract
We discuss various congurations of planes in PG(5; 2). The supporting point-sets of most
of the congurations, or else the complements of these point-sets, have cubic equations and are
of elliptic or hyperbolic type. In our discussion of conclaves of eight planes in PG(5; 2) we
introduce a second addition upon the space V (6; 2) = X  X ; where X  is the dual of X: We
show that the 8 planes of a conclave lying on a hyperbolic quadric for one addition mutate into
the 8 Conwell heptads lying o a hyperbolic quadric for the other addition. In our discussion
of double-seven of planes in PG(5; 2) we also consider their relation with the double-seven of
planes in PG(8; 2) which is supported by the Segre variety S2;2 over GF(2). c© 1999 Elsevier
Science B.V. All rights reserved.
Keywords: Finite geometry; Partial spreads; Double-ves; Double-sevens; Hyperbolic and
elliptic sets; Cubic hypersurfaces; Symmetry groups; Conwell heptads; Latin and Greek planes;
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1. Introduction
1.1. Plan
In succeeding sections we will deal solely with nite geometry over the eld GF(2).
Our chief concern will be with a vector space V =V (6; 2) of dimension 6 over GF(2),
and the associated ve-dimensional projective space PV = PG(5; 2); which will be
identied with V nf0g: At times it helps to adopt a particular direct sum decomposition
V =X Y; with dim X =dim Y =3; and in such a situation the group GL(X )=GL(3; 2)
is of importance. So in the preliminary Section 2 we have set down certain relevant
facts concerning GL(3; 2).
We will be interested in four dierent kinds of congurations of planes in PG(5; 2),
and in their underlying point-sets. Firstly, in Section 3, we deal with double-ves of
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planes. Secondly, in Section 4, we treat partial spreads of four and ve skew planes,
and also their connection with double-ves.
Thirdly, in Section 5, we deal with conclaves of eight planes. We also report here
on the existence of a second ‘mutant’ addition upon the space V = X  Y in the case
when Y is the dual X  of X: There are some rather weird things happening here. In
particular, the 8 planes of a conclave lying on a hyperbolic quadric for one addition are
seen to be the 8 Conwell heptads lying o a hyperbolic quadric for the other addition.
Finally, in Section 6, we consider double-sevens (and also triple-sevens) of planes
in PG(5; 2). We also consider their relation with the ‘Segre double-seven’ of planes in
PG(8; 2), which is supported by the Segre variety S2;2 over GF(2).
1.2. Terminology
Some of our terminology here is not standard. Straying for this once outside the
connes of GF(2) spaces, we propose the following general denitions, applicable in
PG(n; q).
Denition 1.1. A double-N of m-spaces is a subset  PG(n; q) which admits two
distinct decompositions  =1[2[  [N=1[2[  [N into a set of N PG(m; q)s
such that the following incidence requirements are satised for some k <m:
r \ s = ;; r 6= s; r \ s = ;; r 6= s;
r \ r = a PG(k; q); r \ s = a point; r 6= s;
r =
N[
s=1
r \ s; s =
N[
r=1
r \ s:
(1)
Of course, for given m; these incidence requirements restrict the possible pairs N; k to
be such that jPG(k; q)j+N−1= jPG(m; q)j: For example, a double-sixteen of PG(3; 2)s
requires k = −1; that is r \ r = ;; a double-fteen of PG(3; 2)s requires k = 0; a
double-thirteen of PG(3; 2)s requires k = 1; and a double-nine of PG(3; 2)s requires
k = 2: Note that in the cases k 6= 0 a double-N comes along with a built-in bijection
r $ r between the two sets of subspaces.
By appeal to the properties of the hyperbolic quadric H7; see [2], a double-nine of
PG(3; 2)s is seen to exist in PG(7; 2): Indeed, McDonough [8] has recently constructed
a double-(2m+1) of PG(m; 2)s in PG(2m + 1; 2) for all m> 0; here k = m − 1: By
appeal to the properties of the Segre variety Sm;m; see [7], we see that double-N ’s of
PG(m; q)s exist in PG(m2 +2m; q) in the case k=0; that is in the case N = jPG(m; q)j:
(Cf. Section 6:2.). However we make no claim that double-N ’s exist in general.
Denition 1.2. A set f1; : : : ; Ng of N PG(m; q)s is termed a conclave if each of the
intersections r \ s; r 6= s; is a point, and if r; for each r; is the disjoint union
[s 6=rr \ s: (Consequently N = jPG(m; q)j+ 1:)
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We make no claim that conclaves exist in general. But, see Section 5.1, at least a
conclave of eight PG(2; 2)s exists in PG(5; 2).
1.3. Sets of hyperbolic, and of elliptic, type
Given a hyperbolic quadric H5 in PG(5; 2); then any hyperplane PG(5; 2) inter-
sects the 35-point set H5 in either the 15-points of a parabolic quadric P4 or in the
19-points of a hyperbolic cone 0H3: Given instead an elliptic quadric E5 in PG(5; 2);
then any hyperplane PG(5; 2) intersects the 27-point set E5 in either the 15-points
of a parabolic quadric P4 or in the 11-points of an elliptic cone 0E3: (Our notation
for projective quadrics is as in [7].) Sets of points whose intersection numbers with
hyperplanes mimic those of hyperbolic and elliptic quadrics are of interest to design
theorists and coding theorists, see [15], and so, in the case of PG(5; 2), the following
denitions are made.
Denition 1.3. A 35-point set  PG(5; 2) is said to be a set of hyperbolic type
if it has the intersection property j \ j 2 f15; 19g; for any hyperplane PG(5; 2):
A 27-point set PG(5; 2) is said to be a set of elliptic type if it has the intersection
property j \ j 2 f11; 15g; for any hyperplane PG(5; 2):
A classication of sets of hyperbolic and elliptic types in PG(5; 2) can be found in
[15, Table 1]. The supporting point-sets of several of the congurations encountered
in succeeding sections, or else the complements of these point-sets, turn out to be of
hyperbolic or elliptic type. In particular, the underlying 35-set of any partial spread
f1; 2; 3; 4; 5g of 5 planes in PG(5; 2) is of hyperbolic type. For since jr \ j 2
f3; 7g; r = 1; : : : ; 5; it follows that j \ j is either 5  3 = 15 or else 7 + 4  3 = 19:
(Note that  cannot contain two of the planes r; for then  would contain their join,
namely PG(5; 2); and so not be a hyperplane.)
1.4. Equations of point-sets
The supporting point-sets of most of the congurations encountered in succeeding
sections, or else the complements of these point-sets, will be shown to have equations
of the form f=0; with f a cubic polynomial function such that f(0)=0. (The reason
for this stems from the fact that a single plane in PG(5; 2) has a cubic equation.) We
state here two relevant results; see [10] for their proof. Let r denote the complement
(4)c of the symmetric dierence of two subsets ; : Like the symmetric dierence
4; the binary operation r is symmetric and associative. Moreover we have, for any
three subsets, the result rr = 4 4 : Consequently the addition, using r; of
an odd number of subsets coincides with the addition, using 4; of the same subsets.
Theorem 1.4. Suppose that a subset  of PG(m; 2) can be expressed in the form
=1r 2r : : :rN ; where each i is a subspace of PG(m; 2) of (projective) dimension
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Table 1
o(r; s) s ! 1 2 3 4 5 6
r #
1 7 3 4 2 4 3
2 3 2 3 7 4 4
3 4 3 3 4 7 2
4 2 7 4 3 3 4
5 4 4 7 3 2 3
6 3 4 2 4 3 7
m−d: Then  has polynomial equation f=0 where the polynomial f is homogeneous;
i.e. satises f(0) = 0; and has (reduced) degree at most d.
See [6, Theorem 4.2] for the generalization of Theorem 1.4 to PG(m;p).
Theorem 1.5. A subset  of PG(m; 2) has equation f=0 with f a homogeneous poly-
nomial of reduced degree 6d if and only if  intersects every projective d-space in
an odd number of points.
2. GL(3; 2)-preliminaries
2.1. Some useful lemmas
Lemma 2.1. For R; S 2 GL(3; 2); consider the equations
R7 = S7 = (RS)7 = I; RS 6= SR: (2)
For given R; Eq.(2) possesses precisely 7 solutions for S; namely fRrS0R−r ;
r=0; 1; : : : ; 6g; where S0 is any particular solution of Eq. (2). Moreover; each solution
S is conjugate to R.
Lemma 2.2. For any pair R; S satisfying Eq. (2) the order o(r; s) of RrSs is as in
Table 1: (Of course; o(r; s) = o(−r;−s) = o(s; r) = o(−s;−r):) In particular; any such
pair R; S satisfy RS−3 = S3R−1; R2S2 = S−2R−2; and R3S−1 = SR−3:
An easy way to prove the above two lemmas is to use 2 2 matrices over GF(7);
taking advantage of the isomorphism of GL(3; 2) with SL(2; 7)=fIg= L2(7):
Lemma 2.3. (i) Elements A 2 GL(3; 2) of order 7 fall into two conjugacy classes;
each of length 24; with elements A; A2; A4 lying in one class and A−1; A−2; A−4 lying
in the other. Elements of one class satisfy A3 = I + A; and elements of the other
satisfy A3 = I + A2:
(ii) Under its action on the 7-point plane PG(2; 2); an element of GL(3; 2)
(a) is FPF (xed-point-free) if and only if it has order 7
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(b) has a single xed point if and only if it has order 3 or 4
(c) has a line of xed points if and only if it has order 2:
2.2. GL(3; 2)-invariant functions
For V = V (3; 2); and r = 1; 2; : : : ; we dene the functions Ir : V r ! GF(2) by
Ir(v1; : : : ; vr) =

1 if v1; : : : ; vr are linearly independent;
0 if v1; : : : ; vr are linearly dependent:
From this denition the function Ir is symmetric and GL(V )-invariant. It is easy to
see that in any coordinate system
I1(x) = x1 + x2 + x3 + x2x3 + x3x1 + x1x1 + x1x2x3: (3)
Also we see that
I2(x; y) = I1(x + y) + I1(x) + I1(y);
I3(x; y; z) = I2(x; y + z) + I2(x; y) + I2(x; z) (4)
and that Ir=0 for r > 3: From its denition the function I3 is the (unique! { since the
eld is GF(2)) alternating trilinear determinant function
I3(x; y; z) = det(x; y; z): (5)
We denote by h ; i the natural pairing of the dual space V  = V (3; 2) with V: Two
elements x; y 2 V determine an element x  y (=y  x) 2 V  given by
hx  y; zi= det(x; y; z): (6)
The functions Ir were used in [11], and their PG(n; q) generalizations in [6]. We
now provide an example of the use of the function I2; this will be of relevance to our
later discussion of conclaves.
Let Q6 denote the six-dimensional space consisting of all the quadratic forms
V ! GF(2) and let W6 denote the six-dimensional space V  V : We will use the
invariant function I2 to give a GL(3; 2)-equivariant parametrization of the 64 elements
q 2 Q6 as follows. For (a; ) 2 W6 we dene qa; 2 Q6 by
qa;(x) = I2(a; x) + h; xi: (7)
Then one easily conrms that if h; ai= 1 then qa; is the conic having nucleus a and
external line . (Here we identify the linear form  with its set of zeros in PG(2; 2)=
V3nf0g.) Similarly, one sees that if h; ai=0; with a 6= 0 and  6= 0; (i.e. if a 2 PG(2; 2)
lies on the line PG(2; 2)), then qa; is the hyperbolic cone 0H1 consisting of the
two lines other than  passing through the point a: Also qa;0; a 6= 0; is the elliptic cone
0E1 consisting of the single point fag; and of course q0;;  6= 0; is a line. So we
indeed have a bijection
 : W6 ! Q6; (a; ) 7! qa;: (8)
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Moreover,  is easily seen to respect the natural action of GL(V ) on the two vector
spaces Q6 and W6
qa;(A−1x) = qAa;A^(x); A 2 GL(V ); (9)
where A^ denotes the contragredient of A: A^=   A−1:
Remark 1. It is important to note that the mapping  is not linear. Indeed it is a
quadratic map, since one sees from Eqs. (4){(6) that
qa1+a2 ;1+2 = qa1 ;1 + qa2 ;2 + a1  a2: (10)
It is remarkable that a quadratic map should intertwine two linear representations of
GL(3; 2) as in Eq. (9)!
3. Double-ve of planes in PG(5; 2)
According to the denition in Section 1.2, a double-ve of planes in PG(5; 2) is a
conguration  of 35 points which admits two distinct decompositions
 = 1 [ 2 [ 3 [ 4 [ 5 = 1 [ 2 [ 3 [ 4 [ 5 (11)
into a set of ve planes such that, for r 6= s;
r \ s = ;; r \ s = ;;
r \ r = a line r; r \ s = a point nrs: (12)
The 35 points of  can conveniently be displayed as an array
 =
0
BBBB@
1 n12 n13 n14 n15
n21 2 n23 n24 n25
n31 n32 3 n34 n35
n41 n42 n43 4 n45
n51 n52 n53 n54 5
1
CCCCA : (13)
Here the 7-point set of the rth row is the plane r and the 7-point set of the sth row
is the plane s:
In [13] a double-ve  was constructed starting out from a (coloured) icosahedron
in three-dimensional Euclidean space, and its symmetry group G( )GL(6; 2) was
shown to be isomorphic to that of the regular icosahedron, namely G0( )  Z2 with
G0( )=A5; and Z2 = hJ i; where J eects the interchange r  r: With respect to a
suitable basis fb1; : : : ; b6g (related to the vertices of an icosahedron), a double-ve as
in Eq. (13) is given explicitly by
r = fbr+2 + br−2; br + b6; br+2 + br−2 + br + b6g;
nr;r+1 = br + br+1 + br+3; nr;r+2 = br + br+1 + br+2;
nr;r+3 = br+1 + br+2 + b6; nr;r+4 = br+1 + br+3 + b6;
where r take the values 1; 2; 3; 4; 5mod 5:
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Since the properties of double-ves, and of certain related 27-sets of elliptic type,
were treated in considerable detail in [13], we will here list very briey only a few of
these properties.
Theorem 3.1. (i) A double-ve  is a projectively unique gure; and it determines
uniquely the ve planes r and the ve planes r; r = 1; : : : ; 5; there being no other
planes lying on  .
(ii) The 28-set  c (the complement of the double-ve  ) possesses no internal
planes.
(iii) The set  is of Tonchev hyperbolic type 3b; see Table 1 of [15].
(iv) The set  has a cubic equation.
(v) Each of the 27-sets r =  n (rr); r = 1; : : : ; 5; is of Tonchev elliptic type
3b; and has a cubic equation.
Of course the fact that  is of hyperbolic type follows as at the end of Section 1.3.
The fact that it has a cubic equation can be deduced from Theorems 1.4 and 1.5.
4. Spreads, and partial spreads, of planes in PG(5; 2)
For the vector space V = V (6; 2) a partial spread of size r is a set r = fWg
of r three-dimensional subspaces W V such that V = W  W 0 for each distinct
pair W;W 0 2r: Equivalently, we may deal with the corresponding set fPWg; also,
rather sloppily, denoted r; of r pairwise skew planes PW of the projective space
PG(5; 2) =PV ‘ = ’ V n f0g: If every point of PG(5; 2) lies on one of the planes then
we have a (complete) spread 9: (63 points = 9 7:)
We write (x; y) for the general element of V =V (6; 2)=X  Y; dim X =dim Y =3:
Making a xed choice of T 2 GL(X; Y ); the planes in PV6 =PG(5; 2) which are skew
to both PX and PY are the planes PWB; B 2 GL(X ); where WB has equation y=TBx
| meaning, that is,
WB = f(x; TBx): x 2 X g: (14)
(So there are jGL(X )j= 168 such planes.) It follows that any partial spread of size 4
can be cast in the form
4 = fW1(=Y ); W0(=X ); WI ;WAg (15)
with A 2 GL(X ) of order 7; the 4 planes having respective equations
x = 0; y = 0; y = Tx; y = TAx:
(The condition PWA \PWI = ; requires A to be FPF on X n f0g; and so, Lemma 2.3,
requires A to be of order 7:)
We may, and usually do, restrict A in Eq. (15) to lie in that class whose elements
satisfy A3 = I + A; see Lemma 2.3. Nothing is lost by this restriction, because the
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mapping  2 GL(V ) dened by (x; y) = (T−1y; Tx) eects fW1; W0; WI ;WAg 7!
fW0; W1; WI ;WA−1g; where A−1 lies in the other class, satisfying (A−1)3 = I +(A−1)2:
It is easily seen that the above partial spread 4 has a unique extension to a spread,
namely to the spread
9 = fW1; W0; WAr ; r = 0; 1; : : : ; 6g: (16)
So one naturally enquires whether 4 can be extended to a partial spread of size 5 not
contained in 9: By Theorem 3.1, such an extension exists, for since the complementary
28-set  c of a double-ve  has no internal planes, each double-ve  provides us
with two examples, say 	5; 	05; of maximal partial spreads of size 5 { arising from
the two sets of 5 skew planes lying on  .
Now for any extension
	5 = fW1; W0; WI ;WA;WBg (17)
of 4 to a partial spread 	5 which is not contained in 9, both B(6= Ar) and A−1B have
to be FPF on X nf0g: Such an extension thus goes through provided that B satises
B7 = (A−1B)7 = I; AB 6= BA: (18)
Such an extension 	5 is seen to be projectively unique, and so must arise from some
double-ve  ; and so must be a maximal partial spread. This last can be seen more
directly, for note, from Lemmas 2.1, 2.3(i), that A and B lie in dierent classes.
Consequently 	5 is maximal, for an attempt to adjoin a sixth plane WC runs into the
impossibility that C should lie in neither the class of A nor of B: In this manner we
arrive at the following theorem.
Theorem 4.1. (i) Choose B 2 GL(3; 2) to be one of the 7 (Lemma 2:1) solutions
of Eq. (18). Then the 5 subspaces 	5 = fW1; W0; WI ;WA;WBg constitute a maximal
partial spread. Moreover; every maximal partial spread is projectively equivalent to
	5: The supporting 35-set  for 	5 is a double-ve of planes in PG(5; 2) and so; by
using its second decomposition into ve skew planes; gives rise to another maximal
partial spread; say 	05:
(ii) The spread 9 of Eq. (16) is projectively unique; and for 5 6= r < 9 there is a
projectively unique partial spread r of size r; which extends to a 9: A non-maximal
partial spread 5 of size 5 is also a projectively unique conguration.
(iii) Every 4 extends in just one way to a 9; and in 7 ways to a 	5:
(iv) Adopting projective terminology; the only planes skew to the 4 planes of 4
are the 5 planes of 05 = 9n4 together with the 7 planes WB :y = TBx; with B a
solution of (18).
The supporting 35-set S5PG(5; 2) of any non-maximal partial spread 5 of 5
planes thus possesses precisely 7 further internal planes, say Pi; i = 0; 1; : : : ; 6: (We
are still adopting projective terminology.) So one is faced with the (at rst glance)
puzzling question: how do the 7 intersect the 5? If one assumes that democracy reigns
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amongst the 5; then the puzzle surely has no solution. Consequently democracy does
not reign:
Theorem 4.2. Any 5 possesses a privileged member; say W 2 5; such that
Pi \W = a (projective) point for each W 2 5nW;
Pi \W = Li; with Li a (projective) line: (19)
Proof. Consider the partial spread 05=9n4=fWAr ; r=2; 3; 4; 5; 6g whose supporting
35-set S 05 possesses the further 7 projective planes WB; as in part (iv) of the last the-
orem. Now, by Lemma 2.2 (with R = A−1; S = B) the order of A−rB is 3; 4; 2; 4; 3
according as r = 2; 3; 4; 5; 6; respectively | this being true for all 7 solutions B
of Eq. (18). By Lemma 2.3(ii), it follows that, for all 7 planes WB; the intersec-
tion WAr \WB is a (projective) point if r = 2; 3; 5; 6 and is a (projective) line if r = 4:
So for the partial spread 05 = 9 n 4 = fWAr ; r = 2; 3; 4; 5; 6g it is WA4 which is the
distinguished member W:
The next theorem centres on symmetry aspects of (non-maximal) partial spreads of
sizes 4 and 5: (See [14] for a fuller discussion.) Let 9 be any spread of 9 planes
in PG(5; 2); and choose any partial spread of 4 planes 49: Let W be the privi-
leged member of the complementary partial spread of 5 planes 05 = 9 n 4; and set
5 = 4 [ fWg and 04 = 9 n 5 = 05 −W:
9 =
5z }| {
4 [ fW g [ 04| {z }05 : (20)
Denote the supporting 28-sets of 4; 04 by S4; S
0
4; and the supporting 35-sets of 5; 
0
5
by S5; S 05: Let the 7 ‘other’ internal planes of S5 be denoted Pi; i=0; 1; : : : ; 6; and let the
7 ‘other’ internal planes of S 05 be denoted P
0
i ; i = 0; 1; : : : ; 6: We denote the symmetry
groups of r and Sr by G(r) and G(Sr):
Theorem 4.3 (Shaw [14]). (i) The distinguished plane W of 05 is also the distin-
guished plane of 5: The 7 lines L0i=P
0
i\W are distinct; as are the 7 lines Li=Pi\W;
after a relabelling; the sets fPig; fP0ig are therefore in bijective correspondence via
Pi \W = P0i \W: The (7  4=) 28 intersections P0i \W 0; W 0 2 04 are all distinct;
thus accounting for all points of S 04; so are the 28 intersections Pi \W; W 2 4; thus
accounting for all points of S4.
(ii) G(4) = G(05) = G(
0
4) = G(5) = G (say):
(iii) G(S4) = G(S 05) = G(S
0
4) = G(S5) = G:
(iv) The sets S5 and S 05 have cubic equations and are of Tonchev hyperbolic
type 4b.
(v) The symmetry group G has structure (22  7) : 3; in other words;
G=((Z2)2  Z7)o Z3: (21)
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Remark 2. Of course, G keeps xed (setwise) the distinguished plane W. Note that
G has a normal abelian subgroup =(Z2)2  Z7: The (Z2)2 subgroup in fact xes W
pointwise, and it xes setwise each Pi and each P0i : The Z7 subgroup xes setwise all
9 planes of 9; and cycles through all 7 Pi and all 7 P0i : In the case when 4 is as in
Eq. (15), the Z7 is generated by the mapping DA : (x; y) 7! (Ax; TAT−1y) which eects
WB ! WABA−1 : There are 4 subgroups isomorphic to F21 = Z7 o Z3; a particular F21
consisting of those elements of G which x a particular W 2 4: But this F21 also
keeps xed a particular W 0 2 04, so we have a built-in bijection 4 $ 04:
5. Conclaves of planes (and of Conwell heptads!) in PG(5; 2)
5.1. Conclaves of planes in PG(5; 2)
By Denition 1.2 a set of 8 PG(2; 2)s fPi; i = 1; 2; : : : ; 8g; lying in a PG(n; 2); is a
conclave of planes provided that the 28 intersections Pi \Pj; i 6= j; are distinct points.
Theorem 5.1. (i) The 8 Latin planes Pi on a hyperbolic quadricH5PG(5; 2) which
are skew to a given Greek plane  form a conclave of 8 planes in PG(5; 2).
(ii) The underlying 28-set
S = fPi \ Pj; i 6= jg=H5 n (22)
has symmetry group =23 :L3(2).
(iii) The complement Sc is a set of hyperbolic type; and in fact; Tonchev hyperbolic
type 2a. It possesses 22 internal planes.
(iv) The 35-set Sc has a cubic equation.
Proof. (i) We view H5 as the Klein quadric, and make use of the dictionary of
translation between PG(3; 2) structures and H5 structures, as given, for example, in
[5, Table 15:10]. The 8 planes Pi arise from the 8 points pi lying o that plane  in
PG(3; 2) corresponding to . The 28 lines join(pi; pj) are distinct and hence so are
the 28 intersections Pi \ Pj:
(ii) The subgroup of GL(4; 2) stabilizing the plane  has structure 23 :L3(2):
(iii) Consider the intersection numbers of a general hyperplane H with S.
Case (a): H slices H5 in the 15 points of a parabolic quadric P4.
Case (b): H slices H5 in the 19 points of a hyperbolic cone 0H3.
In case (a), H meets  in a line, since a parabolic quadric has no planes on it;
hence, from Eq. (22), H meets S in 15− 3 = 12 points.
In case (b), there is the extra possibility that H contains ; so, from Eq. (22),
H meets S either in 19 − 3 = 16 points or in 19 − 7 = 12 points. Thus, for S, we
have the two intersection numbers 12 and 16. Consequently, the complement Sc of
S in PG(5; 2) has hyperplane intersection numbers 15 or 19, i.e. Sc is of hyperbolic
type. In fact, Sc is of Tonchev hyperbolic type 2a, since, by a computer analysis of
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all of the Tonchev sets, carried out by N.A. Gordon, this type is the only Tonchev
set whose complement has each of its 28 points lying on 6 internal lines and upon 2
internal planes, as required for a conclave of 8 planes. The 22 planes lying on Sc can
be determined explicitly using the realization of H5 given in Sections 5.2 and 5.3.
(iv) Let H5 and  have equations Q = 0 and f = 0: Since S =H5 n it follows
that Sc has equation f + Q = 0; but degf = 3 and degQ = 2:
5.2. The space W6 = V3  V 3 and its mutant W 06
Taking our cue from Remark 1, we make the set V3  V 3 into two vector spaces
W6; W 06 over GF(2) by using two dierent additions + and +
0: For w=(a; ) 2 V3V 3 ;
dene for W6 the usual addition
w1 + w2 = (a1 + a2; 1 + 2); (23)
so W6 = V3  V 3 | and for W 06 the ‘mutant’ addition
w1 +0 w2 = w1 + w2 + (0; a1  a2): (24)
Observe that, in the notation of Section 2.2,
w = w1 +0 w2 , qw = qw1 + qw2 ; (25)
where the addition + is that in Q6; i.e. the usual addition of functions. Consequently,
+0 must be a vector space addition over GF(2): Of course we may check this directly.
Since a1a2=a2a1; +0 is commutative; also the associative law holds for +0, since
both w1 +0 (w2 +0 w3) and (w1 +0 w2)+0 w3 dier from w1 +w2 +w3 by the same term
(0; a1  a2 + a2  a3 + a3  a1):
We may now re-phrase Remark 1 as follows.
Remark 3. The identity map w 7! w on V3  V 3 is a quadratic map :
W 06 ! W6 : (w1 +0 w2) = (w1) + (w2) + (0; a1  a2): Despite being non-linear, 
intertwines the two linear representations D;D0 of GL(3; 2) which arise from the ac-
tion (a; ) 7! (Aa;   A−1) of A 2 GL(3; 2) on V3  V 3 : DA  =   D0A:
The 63-set S = V3  V 3 − (0; 0) is a PG(5; 2) qua W6 and a PG(5; 2)0 qua W 06 :
Dene functions K; K 0 :V3  V 3 ! GF(2) by
K(w) = h; ai; K 0(w) = h; ai+ I1(a);
where I1 is the cubic form on V3 introduced in Section 2.2.
Lemma 5.2. (i) The equation K = 0 is that of a hyperbolic quadric H5PG(5; 2)
and of a cubic hypersurface CPG(5; 2)0:
(ii) The equation K 0=0 is that of a quadric H05PG(5; 2)0 and of a cubic hyper-
surface C0PG(5; 2):
Proof. (i) Clearly K is a quadratic form on W6: It is easily seen to dene a H5
quadric; for example, there are the requisite number of points lying o K = 0; namely
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the 28 antiags (a; ); h; ai= 1. To show that K is a cubic form on W 06 ; note that its
rst polarized form B(w1; w2) = K(w1 +0 w2) + K(w1) + K(w2) is given by
B(w1; w2) = h1; a2i+ h2; a1i (26)
and hence that its second polarized form T (w1; w2; w3)=B(w1; w2 +0 w3)+B(w1; w2)+
B(w1; w3) is given by
T (w1; w2; w3) = det(a1; a2; a3): (27)
Since T is a trilinear form on W 06 (as well as on W6); it follows that B is quadratic in
each of its arguments, and hence that K is a cubic form on W 06 :
(ii) To show that K 0 is a quadratic form on W 06 ; note that its rst polarized form
B0(w1; w2) = K 0(w1 +0 w2) + K 0(w1) + K 0(w2) is given by
B0(w1; w2) = h1; a2i+ h2; a1i+ I1(a1 + a2) + I1(a1) + I1(a2)
= B(w1; w2) + I2(a1; a2); (28)
after using rst equation of (4). Hence,
B0(w1; w2 +0 w3) = B(w1; w2 +0 w3) + I2(a1; a2 + a3)
= B(w1; w2) + B(w1; w3) + det(a1; a2; a3) + I2(a1; a2 + a3)
= B0(w1; w2) + B0(w1; w3);
after using Eqs. (5), (27), and second equation of (4). So B0 is bilinear on W 06 ; and
hence K 0 is a quadratic form on W 06 :
Remark 4. The 7-set  = f(0; ):  2 V 3 n f0gg is a PG(2; 2) in PG(5; 2) and in
PG(5; 2)0: It lies on H5 and on H05: Indeed  =H5 \H05:
5.3. The 15 Latins and the 15 Greeks
Viewing a hyperbolic quadric H5PG(5; 2) as in Lemma 5.2(i) enables one to
exhibit explicitly all of the 30 planes lying on H5 in a pleasant fashion. As is very
well known, these planes fall into two families, 15 ‘Latin’ and 15 ‘Greek’ planes,
arising under the Klein correspondence from the 15 points and 15 planes of PG(3; 2):
Since a pair of points p1; p2 2 PG(3; 2) determine a line, namely join(p1; p2), any
pair of Latin planes P1; P2 intersect in a point of PG(5; 2): Since a pair of planes
1; 2PG(3; 2) determine a line, namely P1 \ P2, any pair of Greek planes 1; 2
also intersect in a point. If P is a Latin plane and  a Greek plane, then P meets 
in a line PG(5; 2); or in ;; accordingly as p lies on, or o, the plane :
Taking (x; ) as the general point of W6 = V3  V 3 ; then 8 of the Latin planes are
the planes Pb; b 2 V3; with equation Pb : = b x; and the remaining 7 are the planes
Qb; b 2 V3nf0g; dened by Qb = P( b  b): Here b = f 2 V 3 : h; bi = 0g:
Dually, 8 of the Greek planes are the planes ;  2 V 3 ; with equation : x=  ;
and the remaining 7 are the planes  ;  2 V 3 nf0g; dened by   = P(   ):
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The intersection properties of all 30 planes are easily listed quite explicitly. In par-
ticular the 8 Latin planes Pb are all skew to the Greek plane 0; while Qb meets 0
in the line consisting of the 3 points (0; i); where i; i=1; 2; 3; are the 3 lines through
the point b:
5.4. Mutant magic
In this section we deal with the 63 = 28 + 7 + 280 split
S = S [ [ S 0:
From the PG(5; 2) point of view the set S 0 consists of the 28 points lying o the quadric
H5 = S [: Now these 28 points form themselves into 8 heptads fHi; i = 1; : : : ; 8g;
with the property that the 7 points of a heptad Hi are mutually non-polar: B(x; y) = 1
for x 6= y 2 Hi:: Such a set of 7 is known as a Conwell heptad, after [1]. (The existence
of the 8 Conwell heptads gives rise to the isomorphism of O+6 (2) with the alternating
group A8 on 8 objects.)
Remark 5. If 
PG(5; 2) is any set of pairwise non-polar points, it is not hard to
see that the maximal size of 
 is 7: Moreover, such a maximal-size set is necessarily
of type (0; 7) or of type (4; 3) with respect to the quadric H5: (Here type (r; s) with
means r points lie on the quadric and s points lie o.) The types of maximal-size
non-polar sets are known in PG(n; 2) for general n for all quadratic forms of maximal
rank; see [12, Appendix A]. For example an elliptic quadric E11PG(11; 2) supports
maximal-size non-polar sets of precisely the four types (13; 0); (9; 4); (5; 8); (1; 12): As
explained in [12], there is an intimate connection of such matters with the theory and
structure of real Cliord algebras.
A Conwell heptad is very far from being a plane: if distinct points w1; w2 lie in a
plane P; then so does w1 +w2; while if w1; w2 lie in a Conwell heptad H; then w1 +w2
lies outside H . Nevertheless, since the 28 points of (H5)c consist precisely of the
28 intersections Hi \ Hj; let us agree to say that the 28-set S 0 has the structure of a
conclave of 8 heptads. We will now show that the mapping  possesses near-magical
properties, in that it transmutes 8 Conwell heptads into 8 of the Latin planes! | the
two additions +;+0 allowing the same 7-set P to be both a Conwell heptad and a
plane!
Consider, see Section 5.3, the 8 Latin planes Pb : =bx; b 2 V3; forH5PG(5; 2)
which are skew to the Greek plane 0. Now for w1 6= w2 2 Pb we have, using
Eq. (27),
B0(w1; w2) = hb a1; a2i+ hb a2; a1i+ I2(a1; a2)
= det(b; a1; a2) + det(b; a2; a1) + 1 = 1:
Hence each of the 7-sets Pb is a Conwell heptad for H05PG(5; 2)0.
We summarize the situation in Table 2
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Table 2
Sets PG(5; 2) view PG(5; 2)0 view
S [: has eqn K = 0 Quadric H5 Set of hyperbolic type:
has a cubic eqn
 [ S0: has eqn K 0 = 0 Set of hyperbolic type: Quadric H05
Has a cubic eqn
 Greek plane H5 Greek plane H05
Pi  S Latin plane skew to  Conwell heptad for H05
Hi  S0 Conwell heptad for H5 Latin plane skew to 
fPig Conclave of 8 planes Conclave of 8 heptads
fHig Conclave of 8 heptads Conclave of 8 planes
fPi \ Pjg The 28-set S =H5 n The 28-set S = (H05)c
fHi \ Hjg The 28-set S0 = (H5)c The 28-set S0 =H05 n
5.5. Conwell heptads and octonionic functions
We consider functions F : V3  V3 ! GF(2) which satisfy the three conditions:
C0. F(x; y) is linear in y.
C1. F(x; x) = I1(x).
C2. F(x; y) + F(y; x) = I2(x; y).
Let L denote the set of such functions; note that L is non-empty since F0 2 L;
where, in some coordinate system,
F0(x; y) =
X
i
xiyi + x2y3 + x3y1 + x1y2 + x2x3y1 + x3x1y2 + x1x2y3: (29)
Now two solutions of C0{C2 dier by some alternating bilinear function b(x; y). This
last function b( ; ) can be identied with a corresponding element of V3; also denoted
b; via b(x; y) = det(b; x; y). Consequently, L consists of the 8 functions
L= fFb: b 2 V3g where Fb = F0 + b( ; ): (30)
Theorem 5.3. The 8 functions Fb 2 L; b 2 V3; give rise to the 8 Conwell heptads
for the quadric H5PG(5; 2) = P(V3  V 3 ) by way of the bijective correspondence
Fb 7! Hb given by Hb = f(a; Fb(a; ): a 2 V3nf0gg.
Proof. If w1 = (a1; Fb(a1; ) and w2 = (a2; Fb(a2; ) are distinct elements of Hb; then
B(w1; w2) = Fb(a1; a2) + Fb(a2; a1) = I2(a1; a2) = 1.
Theorem 5.4. (i) For F : V3V3 ! GF(2) consider the real eight-dimensional algebra
AF with basis fex: x 2 V3g and multiplication law
exey = (−1)F(x;y)ex+y; x; y 2 V3:
Then AF is isomorphic to the real division algebra O of the octonions (Cayley
numbers) if and only if F 2L or Ft 2L; where Ft(x; y) = F(y; x).
(ii) The invariance groups of the 8 functions 2 L are the 8 maximal subgroups
of GL(V3) which are isomorphic to F21 = Z7o Z3.
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Proof. See [3,11].
6. Double-sevens of planes
6.1. Double (and triple!) sevens in PG(5; 2)
A xed decomposition V = V (6; 2) = X  Y gives rise to a projective space
PG(5; 2) = PX [ PY [S; (31)
where the 49-set S consists of the points lying o two given skew planes PX and
PY . For a xed choice of T 2 GL(X; Y ); recall that the 168 planes in PG(5; 2) which
are skew to both PX and PY are the planes PWB; B 2 GL(X ); where
WB = fx + TBx: x 2 X g; i:e: equation y = TBx: (32)
Choose F21(=Z7o Z3)GL(X ); with Z7 = hAi and Z3 = hCi; where CAC−1 = A2.
Consider the 3 partial spreads
7 = fWArg; 07 = fWCArg; 007 = fWC2Arg; r = 0; 1; : : : ; 6: (33)
Theorem 6.1. Each of the pairs f7; 07g; f7; 007 g; f07; 007 g gives S the structure
of a double-seven of planes in PG(5; 2).
Proof. The relevant intersection properties, such as
jPW \ PW 0j= 1 for all W 2 7; W 0 2 07;
hold because in F21 = Z7 [ CZ7 [ C2Z7; every element of the cosets CZ7; C2Z7 is of
order 3; and so, Lemma 2.3, has a single xed point on X nf0g.
We refer to the triple 7=f7; 07; 007 g of partial spreads as a triple-seven of planes.
In fact, the 49-set S supports a profusion of double-seven and triple-seven structures.
Consider the set of 168 planes P = fy = TBx: B 2 GL(X )g which are skew to x = 0
and to y=0. A decomposition
S8
i=1 BiF21 of GL(X ) into left cosets of any Frobenius
subgroup F21 = Z7o Z3 will give rise to a corresponding partition
S8
i=1Pi of P; with
Pi= fy=TBiBx: B 2 F21g. The coset decomposition F21 =Z7 [CZ7 [C2Z7 then gives
rise to a decomposition Pi=7(i)[07(i)[007 (i) of each of the 8 sets of 21 planes Pi
into 3 partial spreads of size 7; with f7(i); 07(i); 007 (i)g a triple-seven 7(i). Each
of the 8 F21 subgroups of GL(X ) thus yields 8 triple-sevens of planes. So, all told,
the 49-set S supports 8  8 = 64 triple-sevens of planes (and 3  64 = 192 partial
spreads of size 7). Incidentally, cf. Theorem 1.4, S has a cubic equation. Explicitly,
for (x; y) 2 X  Y; it has equation I1(x) = I1(y).
6.2. Double-sevens and the Segre S2;2
Consider, over GF(2); the Segre variety (see [7])
S2;2 = fv⊗ w: v 2 PV3; w 2 PW3g;
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which lies in PG(8; 2) =PV9; and which consists of the 49 decomposable elements of
a tensor product space V9 = V3 ⊗W3. Lying on S2;2 are the two partial spreads
7 = fv: v 2 PV3g; 7 = fw: w 2 PW3g
of projective planes, where v [ f0g= v⊗W3, w [ f0g= V3 ⊗ w. Since v meets w
in the single point v⊗ w; 7, 7 form a double-seven of planes in PG(8; 2).
The author is tempted to believe that this Segre double-seven is in some sense
the ‘canonical double-seven’, and to enquire: can the previous double-seven 7; 07
in PG(5; 2) = P(X  Y ) be obtained by some kind of projection from the Segre
double-seven in PG(8; 2)?
So we seek a linear map F : V9 ! V6 = X  Y such that by restriction F yields a
bijection from S2;2 onto the 49-set S of Eq. (31). The kernel K of F has to satisfy
rather stringent conditions! | not only (i) dimK=3 (to achieve the dimensional reduc-
tion 9! 6) and (ii)K\S2;2=;; but also (iii) a+b 62K for every a 6= b 2S2;2. (Con-
dition (iii) ensures that distinct points of S2;2 map onto distinct points in PG(5; 2):)
We now show that such a map F; in fact a projection, can be found by taking for
our tensor product the space V9 =V3⊗V 3 =L(V3; V3); (and so S2;2 consists of the 49
mappings of rank 1). To this end, choose a subgroup F21(=Z7oZ3)GL(V3). Noting
that only I centralizes F21; the enveloping algebra of F21 is the whole of L(V3; V3);
and in fact, we have
V9 = L(V3; V3) = Z  X  Y
with PZ; PX; PY , respectively, the 3 cosets Z7; CZ7; C2Z7 of Z7 in F21. Take
V6 = X  Y = Z?
and take F to be the perpendicular projection V9 ! V6. Here the scalar product is
B1:B2 = tr(B1B2).
Theorem 6.2. (i) If Z7 = hAi then; for B 2 L(V3; V3);
FB=

A2BA+ ABA2 if A3 = I + A;
A−2BA−1 + A−1BA−2 if A3 = I + A2:
(34)
(ii) On restricting F to S2;2; we obtain a bijection F2;2 :S2;2 !S.
Proof. (i) F= I jV9 − E; where E; the perpendicular projection V9 ! V3; is given by
group averaging to be EB=
P6
r=0 A
rBA−r . Now use A3 = I + A or A3 = I + A2.
(ii) Note that the non-zero elements of X; Y and Z(=kerF) are all mappings of
rank 3, while, by Eq. (34), F(S2;2) consists of mappings of rank 2.
With a little more eort the eect of F2;2 can be seen in full detail. Choose
C0 2 NGL(V3)(Z7); such that C0AC−10 = A2. Let a0 be that point 2 PG(2; 2) = V3nf0g
which is xed by C0 and let hf0; xi= 0; f0 2 V 3 nf0g be that line PG(2; 2) which
is stabilized by C0. Set ar = Ara0 and fr = f0  A−r . Then
S2;2 = fam ⊗ fn; m; n 2 f0; 1; : : : ; 6gg:
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Dene, for each i = 0; 1; : : : ; 6; three 7-sets Qi; Q0i ; Q
00
i PG(5; 2) = P(X  Y ) by
Qi = fC0Ar + C20Ar+ig; Q0i = fC0Ar + C20A4r+ig; Q00i = fC0Ar + C20A2r+ig;
where in each case r ranges through 0; 1; : : : ; 6; and put 7 = fQi; i = 0; 1; : : : ; 6g;
07 = fQ0i ; i = 0; 1; : : : ; 6g; 007 = fQ00i ; 0; 1; : : : ; 6g. Finally, dene the 7-sets iS2;2
by i=fam⊗fn: m+n= ig; i=0; 1; : : : ; 6; and put 7 =fi; i=0; 1; : : : ; 6g; of course
the i are not planes, but note that 

7 provides a partition of the 49-set S2;2. We
omit the computation needed to prove part (i) of the next theorem; parts (ii) and (iii)
follow from part (i).
Theorem 6.3. (i) F(am ⊗ fn) = C0A4m−n + C20A2m−n.
(ii) The bijection F2;2 :S2;2 !S maps the Segre double-seven 7; 7 in PG(8; 2)
on to the double-seven 7; 07 in PG(5; 2); and maps 

7 on to the third member 
00
7
of the triple-seven 7 = f7; 07; 007 g in PG(5; 2).
(iii) The subspace UiL(V3; V3) spanned by i is of dimension 6; there being just
the one linear relation mam ⊗ fi−m = 0; moreover Ui \ Uj = Z; for i 6= j.
6.3. Linear sections of GL(V ) | a query
Crucial to the foregoing is the fact that GL(3; 2) possesses the three-dimensional
linear section Z = Z7 [ f0g. The author therefore enquires: what is known concerning
linear sections of GL(n; q) for general (n; q)? Here by a linear section of GL(n; q) is
meant a linear subspace of the vector space End(V ); V = V (n; q); with the property
that all of its elements 6= 0 lie in GL(V ).
In the case of the real-eld R the maximal dimension m of a linear section of
GL(n;R) is known for all values of n. A few sample values are:
n= 4 5 6 7 8 10 16 24 32 40 60 64 128 2048 : : : ;
m= 4 1 2 1 8 2 9 8 10 8 4 12 16 24 : : : :
See e.g. [9, Theorem 13:68]: use of the table of real Cliord algebras, cf. [9, Table
13:26], enables one to see how to attain these maximal values of m. (We appear here
to be straying away from nite geometry, but in fact the table of real Cliord algebras
can be given a nite geometry (over GF(2)) derivation! see [12]).
In the case of any nite eld GF(q) it is easy to show that the maximal dimension
m of a linear section of GL(n; q) is always n; and this maximal value is achieved
by the linear section G [ f0g where G=Zqn−1 denotes a Singer cyclic subgroup of
GL(n; q). In the case (n; q)=(3; 2) every maximal linear section is of this Singer kind.
However, in general, not only does GL(n; q) possess n-dimensional linear sections of
non-Singer type, but it also has maximal linear sections of dimension strictly less than
n. For example, see [4], in the case of GL(4; 2) there are two inequivalent kinds of
maximal three-dimensional sections and in the case of GL(5; 2) there is at least one
kind of maximal linear section of dimension 3.
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